Fractal/non-fractal morphological transitions allow for the systematic study of the physical mechanisms behind fractal morphogenesis in nature. In these systems, the fractal dimension is considered a non-thermal order parameter, commonly and equivalently computed from the scaling of quantities such as the two-point density radial or angular correlations. However, persistent discrepancies found during the analysis of basic models, using these two quantification methods, demand important clarifications. In this work, considering three fundamental fractal/non-fractal transitions in two dimensions, we show that the unavoidable emergence of growth anisotropies is responsible for the breaking-down of the radial-angular equivalence, rendering the angular correlation scaling crucial for establishing appropriate order parameters. Specifically, we show that the angular scaling behaves as a critical power-law, whereas the radial scaling as an exponential, that, under the fractal dimension interpretation, resemble first-and second-order transitions, respectively. Remarkably, these and previous results can be unified under a single fractal dimensionality equation.
Fractal/non-fractal morphological transitions allow for the systematic study of the physical mechanisms behind fractal morphogenesis in nature. In these systems, the fractal dimension is considered a non-thermal order parameter, commonly and equivalently computed from the scaling of quantities such as the two-point density radial or angular correlations. However, persistent discrepancies found during the analysis of basic models, using these two quantification methods, demand important clarifications. In this work, considering three fundamental fractal/non-fractal transitions in two dimensions, we show that the unavoidable emergence of growth anisotropies is responsible for the breaking-down of the radial-angular equivalence, rendering the angular correlation scaling crucial for establishing appropriate order parameters. Specifically, we show that the angular scaling behaves as a critical power-law, whereas the radial scaling as an exponential, that, under the fractal dimension interpretation, resemble first-and second-order transitions, respectively. Remarkably, these and previous results can be unified under a single fractal dimensionality equation.
In his celebrated book, "On Growth and Form", D'arcy Thompson suggested that natural selection was not the only factor shaping the biological development of species, but that in nature, "no organic forms exist save such as are in conformity with physical and mathematical laws" [1, 2] . Since then, some of the most important scientific endeavours of the modern era have dealt with the exploration of the fundamental physical processes behind morphogenesis, the establishment of the mathematical tools for their analysis, and the development of appropriate control mechanisms for their further scientific and technological application [3, 4] . As complex as this problem is, the study of diverse systems using the concepts and tools of fractal geometry, dynamical systems, and out-of-equilibrium physics, along with the development of ad-hoc computational models, has led to the discovery of fundamental pattern-formation mechanisms [5] [6] [7] . Among these, the Laplacian growth model stands as one of the most remarkable, given it's capability to reproduce the intricate fractal patterns observed in seemingly unrelated living and non-living systems (such as bacterial colonies, mineral deposition, viscous fingering, and dielectric breakdown [3, [8] [9] [10] , even with relevant applications in current neuroscience and cancer research [11] [12] [13] ). In general, however, a similar universality or unification in terms of a comprehensive analytical framework for the study of the morphodynamics of these systems, in terms of their fractal features, has been elusive [7, 10] .
To have a practical understanding of this problem, let us first recall that in the Laplacian framework -as originally introduced in the dielectric breakdown model (DBM) [14] [15] [16] -growth is controlled via a growthprobability distribution, σ ∝ |∇φ| η . Here φ is a scalar field associated to the potential energy landscape of the growing surface, and η is a positive real parameter associated to non-linear effects. As η changes from zero to infinity, different structures emerge for a given set of initial boundary conditions. For example, considering an initial seed-point in two dimensions, different values of η generate either homogeneous growth of compact clusters (η = 0), unstable growth of dendritic-shaped fractals (η ∼ 1), or highly anisotropic growth of linear clusters (η ≈ 4) [10, 18] (see Fig. 1a ). While DBM-clusters belong to one of the most fundamental morphological transitions, they are not unique. In fact, the identification of the basic dynamical elements that give origin to fractal clusters, as well as their implementation in simple computational models, have also lead to the generation of diverse fractal/non-fractal morphological transitions [17, 18] . For instance, the stochastic dynamics of the diffusion-limited aggregation (DLA) or ballistic aggregation (BA) models, and the highly energetic interaction of the mean-field (MF) aggregation model (see Fig. 1b ), have led to the creation of the non-trivial BA-MF and DLA-MF morphological transitions [18] . In these systems, the transition is controlled through the probability of aggregation under MF dynamics or mixing parameter, p, that continuously goes from p = 0 (BA/DLA) to p = 1 (MF), see Fig. 2 .
Given the complex morphodynamics of these systems, most characterization approaches rely on the numerical quantification of the fractal dimension (D) as a function of system-specific growth parameters (e.g. η or p), and so far, there is no theoretical approach able to unify the numerical results obtained through diverse methodologies into a single analytical framework. For instance, it is a standard characterization procedure to look into the scaling properties and growth-dependency of quantities such as the radius of gyration or the two-point radial-density correlation [7] . This is, if ζ is a characteristic growth parameter (e.g. η or p), then the twopoint radial-density correlation, C(r), which is known to behave as C(r) ∼ r −αr , provides the fractal dimension D r (ζ) = d − α r (ζ), where d is the Euclidean di- Clusters generated by the BA, DLA, and MF particle-aggregation models. In BA, particles follow straight-line trajectories before aggregating on contact to an initial seed particle; in DLA, particles follow random-walk trajectories, and in MF, particles are immediately aggregated to the closest one along its direction of motion due to an infinite attractive interaction. Here, rL( 1) is the boundary of the system. (c) Sketch of the corresponding growth dynamics for each column. Arrows point towards the preferential growth directions. mension of the embedding space. Similarly, a complementary analysis is provided by the two-point angulardensity correlation function, C R (θ) [19] [20] [21] , whereof it has been shown that C R (θ) ∼ θ −α θ , for θ 1, where R indicates the distance (relative to a certain origin) at which C R (θ) is measured and, equally to the radial counterpart, D θ (ζ) = d − α θ (ζ) [20, 21] . Clearly, these expressions for the angular/radial scaling indicate that α r = α θ . However, significant discrepancies [20] [21] [22] [23] [24] [25] have been observed in the fundamental two-dimensional DLA model (or DBM with η = 1), where the angular scaling is consistently reported as α θ = 0.41 [20, 21] , leading to D θ = 1.59, which is in contrast with the radial counterpart reported as α r ≈ 0.29, that leads to D r = 1.71, the accepted fractal dimension for this model [10] .
In this work, it is our goal to elucidate on the origin of these discrepancies, but most importantly, to unify these complementary methodologies into a single ana- lytical framework, which might be applied to diverse fractal/non-fractal morphological transitions. To this end, we use a recently introduced mathematical model for the scaling dynamics of structures that undergo a continuous geometrical symmetry-breaking transformation [18] . This model relies on a single dimensionality function, D(D 0 , Φ), given by,
Here, D 0 (≤ d) is the dimension of the initial configuration, and Φ is a function that encodes all the information of the order/disorder elements of the growth dynamics, and has the form,
where, ζ is the control parameter of the transition (e.g. η or p), Φ 0 = Λ/D 0 , with Λ and χ, being two characteristic parameters associated to the amplitude and steepness of the scaling dynamics, respectively. Our analysis is focused on three examples: the BA-MF, DLA-MF, and the DBM transitions. Attention is paid to the analytical treatment that D(D 0 , Φ) provides to the angular scaling, including its relation to the radial scaling, in the sense of complementarity and counterpart predictability. Afterwards, the role of the fractal dimension as an order parameter is treated. Finally, a complete scaling or fractality framework (which incorporates additional radius of gyration and mean-field results) is presented, revealing remarkable universal features.
RESULTS
In the following, the angular correlation functions for the BA/DLA-MF transitions are computed for different values of p, in order to extract the angular scaling, α θ (p). All measurements of C R (θ) are performed on an ensemble of 128 clusters, each of which is comprised by N = 1.5 × 10 5 particles. The maximum radius of analysis is R = 200. For further details on measurements, see Methods. For comparison purposes, previously computed fractal dimensions provided by the radial density correlation [18] , D r (p), will be used. In the case of the DBM, all numerical data for D(η) is obtained from the literature and listed in detail below.
Angular correlation scaling
As a starting point, let us consider the general behaviour of α θ in the the BA-MF and DLA-MF transitions. For different values of p, the angular-density correlation of each cluster obeys, C R (θ) ∼ θ −α θ , for θ 1, see Figs. 3a and 3b. In these plots, the slope of C R (θ) (qualitatively indicated with red dashed lines) not only depends on p, but on R as well. Quantitatively, for different fixed values of R, the corresponding scaling, α θ (p), is found to follow the power-law,
whose steepness increases as R increases, see Figs. 3c and 3d. Here, R should be sufficiently large to avoid finite-size effects. This is better seen by looking at the behaviour of α 0 as p → 0 in Figs. 4a and 4b, where the angular scaling for R ≥ 40 is presented in log-log plots. In the BA-MF transition ( Fig. 4a ), α 0 converges from α 0 ≈ 0.8, at R = 40, to α 0 = 0 as R 1, in good agreement with the expected theoretical result for a space-filling structure, i.e., α = 0. In the DLA-MF case (Fig. 4b) we found a consistent α 0 ≈ 0.41, for p = 0 and R ≥ 40. On average, for 40 ≤ R ≤ 200, our measurements rendered α 0 = 0.41 ± 0.01, which is in great agreement with previously reported results [20] , but of course, still different from the expected radial counterpart, α 0 = 0.29 [20, 21] .
Fractality framework
The power-law behaviour of α θ (p), in Eq. (3), can be easily derived from D(D 0 , Φ). This is done by expanding Eq. (1) into a power-series up to first-order term, exp(−Φ) ≈ 1 − Φ, which yields, (3) is thus recovered after identifying ζ = p, and λ = (D 0 − 1)Φ 0 , while χ remains as in the original model. In this manner, Eq. (4) allows us to treat the angular scaling as a fractal dimension, D θ (D 0 , Φ), defined through the corresponding information function, Φ(p). Therefore, under this fractality framework, morphological transitions are described by the radial and angular dimensions of their associated clusters as follows. On the one hand, radial fractal dimensions, D r , described by Eq. (1), will continuously go from D 0 at ζ = 0 towards D r = 1 as ζ increases. On the other hand, considering that fractal dimensions, by definition, must satisfy the inequality, 0 ≤ D ≤ d [7] , we have that the angular fractal dimensions, D θ , described by Eq. (4), will critically go from D 0 at ζ = 0, to D θ = 0, at some finite ζ. -Physically, this point where D θ = 0 corresponds to the scenario in which clusters have fully collapsed to linear structures, D r = 1 (i.e., from the lateral or angular direction perspective, these structures are seen as zerodimensional or point-like structures). Consequently, we have that in the angular dimensions there exists a critical or cut-off point, ζ c , defined as the point where D θ = 0, which characterizes the lower limit where linear clusters become point-like structures. From Eq. (4), this point is given by,
In the radial case, it has been shown [18] that the nonlinearity of Eq. (1) gives origin to a dynamical inflection point, ζ i (the point where the rate of change of D r becomes a global maximum), given by,
As shown below for the BA/DLA-MF and DBM transitions, these points provide a quantitative measure of how the growth regime changes along the transition. Specifically, ζ i characterizes the end of the initial growth regime, whereas ζ c characterizes the full collapse to linear structures in the final growth regime. 
BA-MF and DLA-MF transitions
In Fig. 5a , the numerical results for the angular and radial scaling of the BA/DLA-MF models are presented under their fractal dimension description. As initially stated, the numerical data for D r (p) is obtained from previous computations of the scaling of the radial density correlation function [18] . The numerical data for D θ (p) comes from the scaling α θ (p) for R = 200 (see Fig. 4 ). The radial fractal dimensions, D r (p) (shown in black), are perfectly described by the exponential form of Eq. (1), while the angular dimensions, D θ (p) (shown in blue), are described by the power law form of Eq. (4). For this analytical description, the corresponding information functions were numerically obtained from Eq. (4), by plotting Φ(p) = −[D θ (p) − D 0 ]/[D 0 − 1], followed by the use of the relation Φ(p) = Φ 0 p χ , as a fitting function (see Fig. 4c ). The specific numerical values of Λ and χ are presented in Table I . According to the fractality framework proposed here, from D θ (p) one obtains p c , this is, the point of full collapse to linear structures at the MF regime, while p i is obtained from the inflection condition of D r (p), that is, the point where end of the initial growth regime (BA or DLA) ends and the rate of change of D r becomes a maximum, see Fig. 5c . The numerical values of p i and p c are presented in Table I .
DBM transition
In Fig. 5b , the numerical data for the radial and angular fractal dimensions of the DBM are presented. Here, the radial fractal dimensions D r (η) are obtained as the average of the reliable numerical results reported in the literature [26] [27] [28] [29] [30] (see also Table II ). For the angular part, based on the previous results for the BA/DLA-MF transitions, Eqs. (4) and (5) are used to retrieve the complete angular information. First, we used D θ = 1.59, at η = 1 (the DLA point) with Eq. (4) to solve for Λ, leading to Λ = 0.82. Secondly, we used D θ = 0 at η c = 4 (which corresponds to D r = 1 for the radial part) with Eq. (5), to solve for χ, leading to χ = 1.14. From Eq. (6), we computed η i = 0.8, which is the point of maximum rate of change in D r (η) and the end of the Eden regime, see Fig. 5d . These numerical results are shown in Table I .
DISCUSSION
The following discussion is centred on three main points: (I) the analytical treatment that D(D 0 , Φ) provides to the angular and radial dimensions in terms of complementarity and counterpart predictability; (II) the role of both fractal dimensions as non-thermal order parameters; and (III) the unified fractality framework that the general dimensionality function D(D 0 , Φ) provides to the correlation scaling results, including additional radius of gyration and mean-field results, and the corresponding universal features.
I. Analytical description. In general, the exponential and power-law forms of Eqs. (1) and (4), give an excellent description of the radial and angular dynamical scaling results, respectively (Fig. 5 ). However, there are significant and fundamental differences between these methods. First, given that Eq. (4) is derived as a first-order approximation of the more general Eq. (1), we have that, at fundamental level, the often used equality, D r (ζ) = D θ (ζ) (equivalent to α r = α θ ) would not be valid for all values of ζ, except at the limit ζ → 0. This is, there is no exact correspondence of radial and angular measurements but only for D 0 . Secondly, the derivation of the angular equation from the radial one implies a certain degree of predictability. This is, angular and radial descriptions could be recovered, for all values of ζ, from the knowledge of their corresponding counterparts.
Regarding the validity of the radial-angular scaling equality, we have that in the BA-MF case (Fig. 5a ), D 0 ≈ 1.94 is close to the usual radial measurement found for clusters of this size (N ∼ 10 5 ) [21] , nevertheless, without further controversy, it is expected to converge to D 0 = 2 as N → ∞ [7] . On the other hand, the angular measurement is consistent with the expected theoretical value, therein, the equality holds in this case. This is also true for the DBM (see Fig. 5b ), but notably, it is no longer true for the DLA-MF case, in which D 0 = 1.71 is the dimension for the radial part but D 0 = 1.59 is the consistent result found for the angular part [20, 21] . This discrepancy cannot be accounted to finite-size effects since the value for the angular α 0 remains constant for measurements in 40 ≤ R ≤ 200 (see Fig. 4b ), rather, it points toward the effects of the non-trivial anisotropies developed in DLA growth [20, 21] . These observations come together and are better understood by looking at the scaling dynamics of the DBM, where radial and angular parts have an exact match D 0 = d, but then, according to the D(D 0 , Φ) theory, eventually diverge for η > 0. In particular, at the η = 1 (DLA case), the breaking of the radial-angular equality is predicted by the theory and unavoidable (see Fig. 5b ). Therefore, in addition to the DLA-MF case, where the initial cluster is not a compact or space-filling structure with D 0 = d, an exact correspondence of radial-angular measures is fundamentally impossible to occur but for ζ = 0.
Regarding the predictability of descriptions from their corresponding counterparts, let us first denote as D r→θ to the predicted values of D θ given the knowledge of the radial counterpart D r , this is, by using Eq. (4) given that all numerical values of Eq. (1) are known. Similarly, D θ→r denotes the predicted values of D r given the knowledge of the angular counterpart D θ . Considering this, we found that no exact match of counterpart prediction exists for any of the BA/DLA-MF cases (see Fig. 5a ). Although it seems possible to do so, at certain level, for the DBM case (Fig. 5b) . One possible explanation as to the impossibility of prediction from one method to another can be attributed to the growth characteristics of each model. For example, differences are more notable in the BA/DLA-MF transitions, which are characterized by multi-scaling structures, i.e., structures that grow with non-constant scaling and whose either D r or D θ depend on the scale of measurement (self-similarity breaking) [18] . This is also reflected in the fact that two different sets of parameters Λ and χ are needed according to each method (see Table I ). Contrastingly, in the DBM case, clusters are self-similar and differences are more subtle. For exam-ple, if one attempts to recover the radial scaling from the angular counterpart, then, Eq. (1) must be used together with the angular parameters Λ = 0.82 and χ = 1.14 (that for Eq. (4) give D θ = 1.59 at η = 1). This gives as a result D θ→r = 1.66, which is a very common and quite close result to the accepted D r = 1.71; vice versa, recovering the angular part from the radial-scaling parameters Λ = 0.69 and χ = 1.36 (that in Eq. (1) give D r = 1.71 at η = 1) yields D r→θ = 1.66, which again, is a commonly reported result, although not as close as to the common D θ = 1.59 (see Fig. 5b and Table II) . From these results, we can conclude that the angular and radial scaling are complementary methods useful to better characterize these systems. However, in the case of morphological transitions characterized by self-similar clusters that start from a compact or space-filling structure, we not only have complementarity, but also a certain level of predictability.
II. Order parameters. In terms of their morphological features, these transitions go from dense or dendritic branching (disordered states), to linear clusters (ordered state). In terms of their corresponding dynamical growth regimes, they go from the stochastic regime, with uniform (BA or Eden) or unstable tip-splitting (DLA) growth, towards the energetic regime, with highly anisotropic growth (MF or η ≥ 4 in the DBM), see Fig. 6a . In general, the (radial) fractal dimension has been used as a morphological order parameter for these systems [29] , however, the description that it provides to the dynamical growth regimes is limited. In this case, a complete set of tools is provided by Eqs. (1) and (4), along with the inflection and cut-off points, ζ i and ζ c , respectively. As seen in Fig. 5c and 5d , ζ i defines the end of the stochastic regime (BA, DLA or Eden) as the point of maximum rate of change of D r ; whereas η c clearly defines the highly energetic regime (MF or η ≥ 4 in the DBM) as the point of full collapse to the linear or ordered state in the D θ = 0 limit (see Table I for specific numerical values). Notably, these particular ways to define the order/disorder growth regimes through ζ i , as a maximum in the first derivative of D r , and ζ c , as a discontinuity of D θ , have a strong resemblance (although they are not formally equal) to ordinary second-and first-order phase transitions, respectively. From these results, it is clear that the use of the fractal dimension as a non-thermal order parameter for these systems is only complete when both radial and angular descriptions are considered.
III. Unified fractality framework. The D(D 0 , Φ) model has been successfully applied to the analytical description of additional quantification methods [18] . For instance: (i ) coarse-grained descriptions, as that given by the radius of gyration, R g (N ) ∼ N β , where N is the number of particles in a cluster and D(ζ) = 1/β(ζ), are contained within the first-order approximation of Eq. (1), in the form given by exp(−Φ) ≈ 1/(1 + Φ), which leads to D * (D 0 , Φ) = (D 0 +Φ)/(1+Φ); (ii ) the well-known DBM mean-field equation [31] [32] [33] , D M F (η) = (d 2 + η)/(d + η), belongs to the same approximation as the radius of gy-ration, with D 0 = d and Λ = χ = 1. Thus, considering that these results can also be treated under the D(D 0 , Φ) description, the possibility of a unified analytical framework for fractal/non-fractal morphological transitions is then evident. This framework is neatly summarized under the reduced co-dimensionality transformation, δ = (D − 1)/(D 0 − 1), that when applied to D r in Eq. (1), D θ in Eq. (4), and D * (coarse-grained description), we respectively have,
δ * (Φ) = 1/(1 + Φ).
These equations show that the mathematical description of these systems not only is quite simple, but more general than previously found [18] . That is, in addition to the unification of diverse standard numerical methodologies under a single framework, Eqs. (7) demonstrate the existence of a universal behaviour that is independent of: the fractal dimension of the initial configuration, the geometrical symmetry-breaking process that drives the transition, and the Euclidean dimension of the embedding space. This is best seen in Fig. 6 , where the reduced co-dimensionality transformation is applied to the data used in Fig. 5 (as well as to previous results for the scaling of the radius of gyration of the BA/DLA-MF transitions [18] and the mean-field equation of the DBM) and plotted as function of their associated information-functions, causing all the data to collapse into single curves according to their description (radial, angular, and coarsegrained), each of which is explicitly given by Eqs. (7) . As final remarks, we must point out that fractal/nonfractal morphological transitions are found in all sorts of natural systems and they are not an exclusive feature of particle aggregation models. Nonetheless, these simple models are a powerful asset that allow for the systematic study of diverse structural and structural-dependent processes (over a wide range of spatial scales and organic-like morphologies), which might be more complicated under other approaches. In this work, we showed that, despite the morphological complexity of these systems and the different quantification methodologies, the construction of a unified scaling analysis framework is possible. We are positive that the models and results presented here will find creative applications in current scientific and technological areas dealing with morphodynamics in complex systems research.
METHODS
Growth models. The BA/DLA-MF morphological transitions are generated by combining the BA or DLA models with the interactive MF aggregation model under a Monte Carlo approach [18] . The degree of combination is controlled through the mixing parameter p ∈ [0, 1], which is the probability or fraction of particles aggregated under MF dynamics. For each chosen value of p, an ensemble of 128 clusters is generated, with each cluster containing N = 1.5 × 10 5 particles. Angular correlation. To measure the angular correlation we followed the definition [20] :
Here ρ R (θ) is the number of particles contained in a box of size δRδθ, centred at (R, θ), and N is the size of the cluster. For the data shown in Figs. 3a and 3b , we used RdRdθ ≈ N π/4. The size of the counting box is evaluated from the relation N π/4 = f R 2 · 2π/K, hence K = 8f R 2 /N . Here, N is some number of particles (determined heuristically), K determines dθ (dθ = 2π/K), and f sets dR (dR = f R). For the calculations presented in this work, we used N = 3 and f = 0.1 for computing c R (θ), R = 7, 9, 11, 13, 15 ; N = 10 and f = 0.1 for computing c R (θ), R = 20, 40, 60, 80 and N = 25; and f = 0.05 for computing c R (θ), R = 100, 125, 150, 175, 200. In Figs. 3a and 3b , each line is the average of 128 clusters. Angular scaling. In Figs. 3c and 3d , the angular scaling exponent, α θ (p, R), is measured for different values of the control parameter p ∈ [0, 1], and for increasing values of R. Here each dot is extracted from the slopes of linear fits according to C R (θ) ∼ θ −α θ , for θ 1, (as in-dicated in Fig. 3a or 3b with the red dashed lines). Each α θ (p, R) follows a power-law behavior as a function of p, at fixed R, and its initial value, α 0 , is dictated by the angular scaling of the corresponding BA or DLA model at p = 0.
Scaling and fractal analysis. In Fig. 4 we fitted α θ (p), as obtained in Fig. 3 , to Eq. (3). From this fit, the values of λ and χ were determined. Specific values for this parameters are depicted in Figs. 4a and 4b for the measurements performed at R = 40 (dashed line) and at R = 200 (solid line). From the values of λ and χ for each R, we also rendered Fig. 4c using Eq. (4). Once the parameters Λ (related to λ) and χ are obtained, they are used with the corresponding analytical expressions of the radial and angular fractal dimensions (Fig. 5 ). In the DBM case, numerical data collected from the literature is used to determine the value of the parameters for the radial and angular parts, as explained in the main text. In Fig. 6 , the numerical data used for the coarse-grained description of the BA/DLA-MF cases was obtained from previous results of the scaling of the radius of gyration [18] . * jnicolas@ifuap.buap.mx; author to whom correspondence should be addressed.
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